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EXTENDED STIRLING POLYNOMIALS OF THE SECOND
KIND AND EXTENDED BELL POLYNOMIALS

TAEKYUN KIM, DAE SAN KIM, AND GWAN-WOO JANG

ABSTRACT. Recently, several authors have studied the Stirling numbers of
the second kind and Bell polynomials. In this paper, we study the extended
Stirling polynomials of the second kind and the extended Bell polynomials
associated with the Stirling numbers of the second kind. In addition, we
note that the extended Bell polynomials can be expressed in terms of the
moments of the Poisson random variable with parameter A > 0.

1. Introduction

As is well known, the Stirling numbers of the second kind are defined as
"= ZSQ(”al)(x)l (” Z 0)7 (See [1 - 16]) (11)
1=0

The generating function of Sy(n,l) is given by

1 e t"
%(et -1 = Z SQ(Tl,m)H, (1.2)

where m € NU {0}, (see [2,7,8]).
The Stirling polynomials of the second kind are defined by the generating

function
lezt(et -1k = ;C Sa(n l<u|‘/L)ﬂ 1.3
k! - — EA A W (1.3)

where k > 0, (see [3,5,14]).
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From (1.2) and (1.3), we note that

n

Sa(n, klz) = <”;> Sa(l, k)a"!

=k

n—=k n (14)
=y <l>52(n— 1, k)t
1=0
where n, k > 0, (see [3,4,5,14]).
The Bell polynomials are defined by the generating function
' - t"
e’ =1) _ ZBeln(;L')m, (see [7,8,9]). (1.5)
n=0
When z =1, Bel, (1) = Bel,, (n > 0), are called the Bell numbers.
From (1.2) and (1.5), we note that
= 1
w(e’—1) _ 2 (et — 1)™
c mZ_O‘L ml! (e )
- /o (1.6)
m) "
= Z (Z .S’Q(n,m):L"”> -
n=0 \m=0 n
Thus, by (1.6), we get
n
Bel,(z) = Z Sa(n,m)z™, (n > 0).
m=0
A random variable X, taking on one of the values 0,1,2,---, is said to be a
,,\)\_"

Poisson random variable with parameter A > 0 if P(i) = P(X =1i) = e
i=0,1,2,---. Note that Y2 P(i) = e * 377 i—,' =e . et =1.
The expectation of a Poisson random variable with parameter A is given by

E[X] =Y iP(i) = Zie—*% =\ (1.7)
i=0 =0

The moments of Poisson random variable X with parameter A > 0 is defined by

1 - n — - TLAw
EX" =Y a"Plx)=e*) L (1.8)
x=0 =0 '

il

where n € N (see [15]).

When n = 1, the first moment E[X] is the mean (or expection) of X with
parameter A > 0. Recently, several authors have studied the Stirling numbers
of the second kind and Bell polynomials (see [5-16]).
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In this paper, we consider the extended Stirling polynomials of the second
kind and the extended Bell polynomials associated with the Stirling numbers of
the second kind. Then we give some identities between the extended Stirling
numbers of the second kind and the extended Bell polynomials. From our new
identities and properties of those numbers and polynomials, we note that the
extended Bell polynomials can be expressed in terms of the moments of the
Poisson random variable with parameter A > 0.

2. Extended Stirling polynomials of the second kind and extended
Bell polynomials

For k& > 0, we define the extended Stirling polynomials of the second kind
given by the generating function

1 e tn
k'e et —1+rt)k = ngk 52’7-(Tl,k|flf)m7 (2.1)

where x,7 € R.

When o = 0, S2,(n,k|0) = Sz.(n, k), (n,k > 0), are called the extended
Stirling numbers of the second kind. Note that Ss(n, k) = Sz(n,k) are the
Stirling numbers of the second kind.

It is easy to show that

1 at( )t AV - = n—m "
e (e =1+ rt) _Z<Z <T>527(m k) )F (2.2)

n=k \m=k

By (2.1) and (2.2), we get

S (n, k|z) = Z < )52,(m k)z" ™, (2.3)

m=k
where n,k > 0 and r,z € R.
‘We observe that
oo 1 oo
Zk—e—l—l—rt Z(ZSg,rzk) (2.4)
k=0 n=0
and
— 1 '
Z k_ et — 14 rt)k =@ ~1FTE (2.5)

In view of (1.5), we can deﬁne the extended Bell numbers which are given by
the generating function

e It = ZBeln, , (2.6)

n=0
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From (2.4) and (2.6), we have

[ ZSQ ~(n, k), (n>0). (2.7)

k=0

Note that Bel, g = >, _yS2,0(n, k) = >)_; S2(n, k). Now, we define the ex-
tended Bell polynomials given by the generating function as follows:

n

[eS)
¢ t
/)\(c —1+rt) — § Bel, .. (\)—
(& f’ln,r( )’IL!, (28)

n=0

where A\, r € R.
From (2.8), we note that

[
¢ 1
Ale’=1+rt) _ A t 1 £) M
e Z — (e + )

m=0
&S &S m

= Z A" Z Sar(n,m)— (2.9)
m=0 n=m

n

Therefore, we obtain the following theorem.
Theorem 2.1. Forn > 0, we have
lnr(N) = Z A" Sy p(n,m),

m=0
and

— (n n—k

Sa r(n,m|z) = b Sar(k,m)a™ ",
k=m

where ny,m > 0 and r € R.

From (1.1), we note that
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k
_ " 1 k Wil ot k-1
g Sg,nk —k(e—l—l—n‘) EE <l>rt(e—1)

n==k " 1=0
k
_ 1 k Lyl ot k—1
T ; T
= (2.10)
i ,lt‘iS (n— Lk
= — an =Lk =) ——
— I — (n—1)!
> b n t"
-3 (S (1) re-0) &
n=k \1=0

Thus, by comparing the coefficients on both sides of (2.10), we obtain the
following theorem.

Theorem 2.2. For n,k > 0, we have
. in
N "
Sar(n, k) = ZE_O <l>r Sa(n — 1,k —1).

It is not difficult to show that

, B o0 n , ) t’n
1> L

n=0 \1=0
Thus, by (2.6) and (2.11), we easily get
o ZSQT n,k) = Z( )Belkr k. (2.12)
k=0 k=0

where r € R and n € NU {0}.
From (2.12), we have

n n k
Bely, = (;‘) Bely_ it = Z (Z ( ) 1Sy(n — 1,k — 1)> .

1=0 k=0 \Il=0
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By (1.2), we get

1 t m o__ 1 t . L\
ZSQ n,m) . m'( -1) —m(e — 147t —rt)
n=m
_ 1 — (m Lt pym—l 1.1
= <l>t(e—1+7t) (=1)'r
1=0

1 & mltt(—1)trt ‘
[ 7 et rt m—1

m! — l!(m =) (e +rt) (2.13)

m l tn
= Z So.r(n,m — l)—'

=0 ! n=m-—I
—Z Zs Lm-n (") o) E

2,r n!v

where m € NU {0} By comparing the coefficients on both sides of (2.13), we
obtain the following theorem.

Theorem 2.3. Forn>m >0 and r € R, we have

Sa(n,m) = Z <7> (=) Sy (n —1,m —1)

1=0

Now, we consider the inversion formula of (2.13). From (2.1), we note that

(2.14)

tl
o k n tn
— l _ _ -
= (; <l>r32(n I,k 1)> —

Therefore, by (2.1) and (2.14), we obtain the following theorem.

Theorem 2.4. Forn >k > 0, we have

So.p(n,k) = zk: <7;> ' Sa(n — 1,k —1).

=0
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For m,n, k € N, we have

1 m 1 m+k
(e ) (e ) = (e Ly
_ (erk)' 1 t Sa\m+k m+k S 2
T mlk! (m+l<:)!(6 —1+7) N m nZn:_HcSQT " m+k)_'
(2.15)
On the other hand,
et 1+f)m L= 1)t
m! ! ‘ "
tl > . tJ
= (Z 527r(l,m)l—'> ZSQ,T(Jvk)T
l=m ’ Jj=k I
(2.16)

> ms2 (1, m) S (n — ,k)) i

n:
l=m

(£ o)

Therefore, by (2.15) and (2.16), we obtain the following theorem.

> (
n=k+m

hE

Theorem 2.5. For n,m,k > 0 with n > m + k, we have

n

(mr: k) Spr(mm+k) =) <7Z> S, (1,m) S, (n — 1, k).

l=m

Now, we observe that

1 1
E(e —1+7°t)m (e —1+rt)k

1 m m 1 k k
- <_| (l)(et — 1)””"r~ltl> ol > ( ,’) (et — 1)k—dpigi
m: =0 Al — j
S t"l*l
Z zv Z o(n1 —1,m — )(nl—l)!

ny=m
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oo m
tm
- ( > < <nll>rl52(n1 —lm - z)) _'>
mny:
ny=m =0
= 7? . . . tn2
Z 2>T'JSQ(’IL2 — ]JC — J) T
no=k no:
SRR )
n=m+k \ ni=m =0 j= UaH

X Sa(ny —l,m —1)Sa(n —ny — 4,k J)}t—

n!

(2.17)

By (2.15) and (2.17), we get

k
(m + )ng(m m+ k)
m

Z ZZ ( ) (n § nl) <,,Z>Tl+j52("1 —lLm—=1)S3(n—ny — j, k = j).

ni=m [=0 j=0

(2.18)

With r = 0 in (2.15), we have

Lo mlt k_ (k+m = "
L -yl - —( PSS Simmens @

n=k+m

where n,m,k > 0. From (1.2) and (2.1), we have

1 1
—1)m ( —- k= ”'(e—lJrrt—rt) k(e—l+rt—r1‘)

(
m k
8 _ r m—I —r 1 i k et_ r k—j —r J
( 1+ rt)™ Y t)>(k!;<j>( 1+ rt)k=i( t))

o0 tnl—l
tl Z SQ,r(nl —l,m— l)m)

0 ni=m

m!

l

oo

k- .
(~1)ird . g

X ) Sor(ng — jik—j)——
(/:ZU J! Z 2r(n2 (ng — j)!

ne=k
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(Z S () et nﬁ)

ni=m |=0
e’} k ng y . . 2
x Z Z ; (=117 82,0 (n2 — j, k fj)m!
na=h = (2.20)

£ {£EE0)0)
l j ny
n=m-+k

ni=m l= 0_/ 0
t’ll
n!’

X Syp(ng —l,m—1)Ss,(n —ny — j, k — J)}

Comparing the coefficients on both sides of (2.19) and (2.20), we have

(k * m) Sa(n,m + k)

m

i: i > ( > (n - nl) <nll> (—1)HHipltd (2.21)

ni=m =0 j=0

X Sy p(ng —l,m—1)S2,.(n —ny — j, k—j),

where n,m,k > 0 with n > m + k.

3. Further Remarks

A random variable X, taking on one of the values 0,1,2,--- , is said to be a
Poisson random variable with parameter A > 0 if P(i) = P(X = i) = e*)‘)z‘.—:,
i=0,1,2,---. Note that 3_;o  P(i) = e A Y50 &r = e e = 1.

The Bell polynomials Bel,,(x), (n > 0), are known to be connected with the
Poisson distribution. More precisely, Bel,,(\) can be expressed in terms of the
moments of Poisson random variable  with parameter A > 0 as

Bel,()\) = E[X™], (n €N).

Let X be a Poisson random variable with paramerer A > 0. Then we observe
that
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[ t(X+T)\)] ZE X+ )\)71]
n=0

o ) 4
Z ( (x + r)\)" - > —
.
n=0 \z=0
)
) A\
o A — |
(g(i+7 ) n!) !
o G
_)\ Z e(T+T/\)t _ ert)\—)\ Z emt?
x=0

t t"
_ A(ef=1+rt) _
=e = Z Bezn,r(x)—n!.
n=0

8 ||M8

Thus, by (3.1), we see that the extended Bell polynomials are expressed in terms
of the moments of Poisson random variable X with parameter A > 0 as follows:

E[(X +r\)"] = Bel,, (),

where n € N and r € R. By binomial theorem, we get

X+ =Y (7) riaLxL,

1=0
Thus, by (3.3), we get

Bel,»(\) = E[(X +r\)"] = i( ) I\ B[x™Y

=0

- Z (7) A Bel,_i(\).
=0

From (2.1) and (3.1), we note that

> t" :

Z El(X + r)\)n]—, = Mo 1Hrt)
n!

n=0

A 1'(e~1+7"t Z/\mZSgrnm

p”qg

m=0

n

(Z A"Ss (1 m)%

t”13

3
Il
o

(3.2)

(3.3)

(3.4)
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Thus, by comparing the coefficients on both sides of (3.5), we get

E[(X +r\)"] = En: A8y r(n,m) = Bely »(N), (3.6)

m=0

where n € NU {0} and X is a Poisson random variable with parameter A > 0.
Now, we observe that

eth[et(X+r)\)]

> (L‘l © tm
_tl E X 7'A m)Z
<z=o ! )(Zzo () ]m!> (3.7)
Z (Z (:1>x"_mE[(X+ 7’)\)m]> ;—7:

n=0 \m=0

On the other hand,

et”E[et(X+M)] = ek(et—lJth)emt

= 1 -
= Z )\ky(et — 14 rt)ke
k=0 ’

Z)\k Z S2,r(”»k|w)g — Z <Z Sy 1 (n, k¢)> Z:'
0 ’ .

k= n==k n=0 \k=0
Thus, by (3.7) and (3.8), we get

> (;) 2" TE(X + A" =Y A8, (0, ko), (3.9)

m=0 k=0

(3.8)

where n,k > 0 and X is Poisson random variable with parameter A > 0.
The (3.9) is equivalent to

n

3 <::L) 2" Bely(A)

m=0

(3.10)

n

= Z )\kSQ’T(n, klx), where n >0, r € R.
k=0
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